Using boundary behaviors of solutions for certain Laplace equation proved by Yan and Ychussie (Adv. Difference Equ. 2015:226, 2015) and applying a new method to dispose of the impulsive term with finite mass subject presented by Shi and Liao (J. Inequal. Appl. 2015:363, 2015) from another point of view, we prove that there exists a supra-open in (X, τ ) for each V ∈ σ in which the modified equilibrium equation has normal families of solutions. Moreover, we establish a new expression of a harmonic multifunction for the above equation. As applications, we not only prove the existence of normal families of solutions for modified equilibrium equations but also obtain several characterizations and fundamental properties of these new classes of superharmonic multifunctions.
Introduction
As in [] , the modified equilibrium equations for a self-gravitating fluid rotating about the x  axis with prescribed velocity (r) can be defined as follows:
(.)
Here ρ, g, and denote the density, gravitational constant, and gravitational potential, respectively, P is the pressure of the fluid at a point x ∈ R  , and r = x   + x   . We want to find axisymmetric equilibria and therefore always assume that ρ(x) = ρ(r, x  ).
For a density ρ, from (.) we can obtain the induced potential [] ρ (x) = -g ρ(y) |x -y| dy.
(  .  )
In the study of this model, Yan and Ychussie [] proved the existence of the modified Laplace solution if the angular velocity satisfies certain decay conditions. For constant angular velocity, Huang et al. [] have obtained that there exists an equilibrium solution if the angular velocity is less than certain constant and that there is no equilibrium for large velocity. The existence and uniqueness of the generalized solutions for the boundary value problems in elasticity of dipolar materials with voids were obtained in [] . In particular, Marin and Lupu [] solved the unknowns of the displacement and microrotation on harmonic vibrations in thermoelasticity of micropolar bodies. Similar procedures were used by Marin et al. [, ] in dealing with thermoelasticity of micropolar bodies. Many important physical phenomena on the engineering and science fields are frequently modeled by nonlinear differential equations. Such equations are often difficult or impossible to solve analytically. Nevertheless, analytical approximate methods to obtain approximate solutions have gained importance in recent years [] . Recently, Ji et al. [] talked about the exact numbers for solutions of modified equilibrium equations.
In 
Preliminaries
The topological spaces, or simply spaces, used here will be given by (X, τ ) and (Y , σ ). By τ -cl(W ) and τ -int(W ) we denote the closure and interior of a subset W of X with respect to topology τ . In (X, τ ), a class τ * ⊆ P(X) is called a supra-topology on X if X ∈ τ * and τ * is closed under arbitrary union [] . Then (X, τ * ) is called a supra-topological space or simply supra-space. Each member of τ is supra-open, and its complement is supra-closed [] . In (X, τ * ), the supra-closure, the supra-interior, and supra-frontier of any A ⊆ X are denoted by supra-cl(A), supra-int(A), and supra-fr(A), respectively, which are defined in [] likewise the corresponding ordinary ones. We define
The families of all semiopen and preopen sets in (X, τ ) are denoted by SO(X, τ ) and PO(X, τ ), respectively. Moreover,
and 
and 3 Supra-continuous harmonic multifunctions
(c) upper (lower) supra-continuous if F has this property at every point of X.
Any single-valued function F : (X, τ ) → (Y , σ ) can be considered as multivalued if, to any x ∈ X, it assigns the singleton {f (x)}. Applying the above definitions of both upper and lower supra-continuous harmonic multifunctions to a single-valued function, it is clear that they coincide with the notion of S-continuous functions given by Mashhour et al. [] . One characterization of the harmonic multifunctions is established in the following result, the proof of which is straightforward and so is omitted.
Remark . For a harmonic multifunction F
, and upper (lower) G-continuity [] can be deduced from the upper (lower) supra-continuity by considering τ * = τ (resp. τ
Theorem . The following statements are equivalent for a harmonic multifunction F : 
These imply that
. Let x ∈ X be arbitrary, and let V ∈ σ (F(x)). Then
(viii) ⇔ (v). It is clear since supra-frontier and frontier of any set is supra-closed and closed, respectively.
(ix) ⇔ (iv) follows directly.
Theorem . For a harmonic multifunction F
, the following statements are equivalent:
we have
Proof The proof is a quite similar to that of Theorem .. Recalling that the net (χ i ) (i∈l) supra-converges to 
Since by hypothesis a net (χ i ) (i∈l) is supra-convergent to
x w form a net in X with directed set W of τ * (x o ). Clearly, this net is supra-convergent to x o .
However,
. This leads to a contradiction, which completes the proof. Proof For the necessity, suppose that F is lower supra-continuous, (χ i ) (i∈l) is a net supraconvergent to x o , y ∈ F(x o ), and V σ (y). So we have F(x o ) ∩ V = φ, and by lower supra-
Since the net (χ i ) (i∈l) is supra-convergent to x  , for this W , there is i o ∈ I such that, for i > i o , we have x i ∈ W , and therefore x i ∈ F -(V ). For each V ∈ σ (y), define the sets
We write (i , V ) ≥ (i, V ) if and only if i > i and V ⊆ V . Also, define ζ : J → I by ζ ((j, V )) = j. Then ζ , increasing and cofinal in I, defines a subset of (χ i ) (i∈l) denoted by (z i ) (j,v)∈J . On the other hand, for any (j, 
On the other hand, (z k ) kEK is a subnet of the net (χ w ) W ∈τ * (χ  ) , and so there is a function :
Therefore y k ∈ V , and by the meaning of the net (χ W ) W ∈τ * (χ  ) we have
This gives y k / ∈ V , which contradicts the hypothesis, and so the requirement holds.
Definition . A subset W of a space (X, τ ) is called supra-regular if, for any x ∈ W and any H ∈ τ * (x), there exists U ∈ τ such that
is punctually supra-regular if, for each X ∈ X, F(x) is supraregular.
Lemma . In a space (X, τ ), if W ⊆ X is supra-regular and contained in a supra-open set H, then there exists U
∈ τ such that W ⊆ U ⊆ τ -cl(U) ⊆ H. (.) For a harmonic multifunction F : (X, τ ) → (Y , σ ), a harmonic multifunction supra-cl(F) : (X, τ ) → (Y , σ ) is defied as (supra-cl F)(x) = supra-cl(F(x)) for each x ∈ X.
Proposition . For a punctually α-paracompact and punctually supra-regular harmonic multifunction F
Proof Let x ∈ (supra-cl(F)) + (W ) for any W ∈ σ * . This means F(x) ⊆ supra-cl(F(x)) ⊆ W , which leads to x ∈ F + (W ). Hence one inclusion holds. To show the other, let X ∈ F + (W ),
where W ∈ σ * (x). Then F(x) ⊆ W , and by hypothesis on F and the fact that σ ⊆ σ * , applying Lemma ., we get that there exists G ∈ σ such that
Therefore, supra-cl(F(x)) ⊆ W , which means that x ∈ (supra-cl F) + (W ). Hence the equality holds.
Theorem . Let F(X, τ ) → (Y , σ ) be a punctually a-paracompact and punctually supra-regular harmonic multifunction. Then F is upper supra-continuous if and only if
Proof Necessity. Suppose that V ∈ σ and x ∈ (supra-cl F)
σ ∈ σ * , by Lemma . and the assumption on F there exists G ∈ σ such that
for each h ∈ H, which gives that
Thus (supra-cl F) is upper supra-continuous. For sufficiency, assume that V ∈ σ and X ∈ F + (V ) = (supra-cl F) + (V ). By hypothesis on F in this case, there is H ∈ τ * (x) such that (supra-cl F)(H) ⊆ V , which obviously gives that
This completes the proof.
Lemma . In a space (X, τ ), for any x ∈ X and A ⊆ X, X ∈ supra-cl(A) if and only if
and so
and this completes the proof.
Proof This is an immediate consequence of Proposition . taking into consideration that τ ⊆ τ * and (iv) of Theorem ..
Proof Let
be a cover of Y , and since F(x) is compact relative to Y for each x ∈ X, there exists a finite subset I o (x) of I such that
The upper supra-continuity of F gives that there exists W (x) ∈ τ * (X, x) such that
Since (X, τ ) is supra-compact, there exist x  , x  , . . . , x n such that
Hence (Y , σ ) is compact.
Supra-continuous harmonic multifunctions and supra-closed graphs
Definition . A harmonic multifunction F : (X, τ ) → (Y , σ ) is said to have a supra-closed graph if, for each pair (x, y) / ∈ G(F), there exist W ∈ τ * (X) and H / ∈ σ * (y) such that 
Proof Necessity. Let x ∈ X and y ∈ Y with y / ∈ F(x). Then since F has a supra-closed graph,
there are H ∈ τ * (x) and W ∈ σ * containing F(x) such that (H ×W )∩G(F) = φ. This implies that, for every x ∈ H and y ∈ W , we have y / ∈ F(x), and so F(H) ∩ W = φ. Proof Suppose that
Since F is upper supra-continuous at x, there exists
and therefore 
The upper supra-continuity of F means that there exists W ∈ τ * (xo) such that
It follows that (W × H) ∩ G(F) = φ, and hence G(F) is supra-closed.
Lemma . ([])
The following hold for F : Proof Let x ∈ X and V ∈ σ (F(x)) with F(x) ∩ V = φ. Since
Theorem . shows that there exists W ∈ τ * (x) such that
for each w ∈ W . Hence Lemma . gives that
for each w ∈ W , which, together with Theorem ., completes the proof.
Conclusions
In this paper, we proved that there exists a supra-open set in (X, τ ) for each V ∈ σ in which the modified equilibrium equation has normal families of solutions. Moreover, we also established a new expression of harmonic multifunctions for the above equation. Meanwhile, we discussed the relationships between superharmonic multifunctions and superharmonic-closed graphs. As applications, we not only proved the existence of normal families of solutions for modified equilibrium equations but also obtained several characterizations and fundamental properties of these new classes of superharmonic multifunctions. 
